Expansions of the exponential integral in incomplete gamma functions

Walter Gautschi, Frank E. Harris,

and Nico M. Temme

Abstract. An apparently new expansion of the exponential integral E_1 in incomplete gamma functions is presented and shown to be a limiting case of a more general expansion given by Tricomi in 1950 without proof. This latter expansion is proved here by interpreting it as a “multiplication theorem”. A companion result, not mentioned by Tricomi, holds for the complementary incomplete gamma function and can be applied to yield an expansion connecting E_1 of different arguments. A general method is described for converting a power series into an expansion in incomplete gamma functions. In a special case, this provides an alternative derivation of Tricomi’s expansion. Numerical properties of the new expansion for E_1 are discussed.

1 Introduction

The exponential integral

E_1(z) = ∫_∞ z e^{−t} t dt (1.1)

occurs widely in applications, most notably in quantum-mechanical electronic structure calculations. In view of the extremely large number of evaluations that are often required, there is a continuing interest in improving the efficiency of its calculation. In a search for better methods of evaluating E_1, one of us (FEH) discovered the expansion

E_1(z) = −γ − ln z + ∞∑ n=1 γ(n, z) n! , (1.2) where γ(a, z) = ∫_z 0 e^{−t}t^{a−1}dt is the incomplete gamma function (cf. [1, §6.5]). Another of us (WG) observed the relevance of an expansion given in 1950 by Tricomi, of which (1.2) is a limiting case.

2 An expansion of Tricomi

In 1950, Tricomi [2, Eq. (45)] stated without proof the expansion γ(a, λz) = λ^a ∞∑ n=0 γ(a + n, z) n! (1 − λ)^n.

(2.1)

For any fixed complex a ≠ 0, −1, −2, . . . , the left-hand side is analytic in the domain λz ∈ C \R_−, where R_− is the negative real axis; it is an entire function if a is a positive integer. For fixed a and z, the series in (2.1) converges for arbitrary complex λ.

An interesting proof derives from the observation that (2.1) is a “multiplication theorem” (see [3, Vol. 1, §6.14]). Such theorems can usually be obtained when all derivatives of the function to be expanded can be expressed in terms of the same family of functions (ibid.). In the present instance, we have the relation γ(a + n, z) = (−1)^nz^{a+n} d^n dz^n ( z^{−a}γ(a, z) ) , (2.2)

which follows readily from the integral representation z^{−a}γ(a, z) = ∫_1 0 e^{−zt}t^{a−1}dt. When using (2.2) in the right-hand side of (2.1), one obtains λ^az^a ∞∑ n=0 h^n n! d^n dz^n ( z^{−a}γ(a, z) ) , h = (λ − 1)z. (2.3)

The series can be seen to be the Taylor expansion of (z + h)^{−a}γ(a, z + h). Since z + h = λz, the expression (2.3) becomes λ^az^a(z + h)^{−a}γ(a, z + h) = γ(a, λz). This completes the proof of (2.1).

Multiplication theorems (and related addition theorems) are available for many other special functions, such as Bessel functions ([4, Ch. 11], [1, p. 363], [5, §4.10], and [6, Ch. 5, §5, Ch. 8, §6]) and orthogonal polynomials ([5, §9.8], [7, §4.10(7)]). Eq. (2.1) is a special case of a multiplication theorem for confluent hypergeometric functions ([3, §6.14]).

3 Derivation of (1.2) from Tricomi’s expansion

Separating out the first term on the right of (2.1) and bringing it to the left, we write Tricomi’s result in the form γ(a, λz) − λ^aγ(a, z) λ^a = ∞∑ n=1 γ(a + n, z) n! (1 − λ)^n.

(3.1)

From the power series of γ(a, λz) (cf. [1, Eq. 6.5.29]) one gets γ(a, λz) − λ^aγ(a, z) λ^a = z^a a [ 1 − a a + 1 λz + a 2a + 4

(λz)^2 + · · · ] − γ(a, z), which, as λ ↓ 0, has the limit z^a/a − γ(a, z). Thus, by (3.1), z^a a − γ(a, z) = ∞∑ n=1 γ(a + n, z) n! . (3.2)

If γ(a, z) on the left is replaced by Γ(a) − Γ(a, z) and Γ(a) written as Γ(a + 1)/a, Eq. (3.2) takes the form

z^a − Γ(a + 1) a + Γ(a, z) = ∞∑ n=1 γ(a + n, z) n! .

Now take the limit a ↓ 0. Applying Bernoulli-l’Hospital’s rule to the first term on the left and noting that Γ^′(1) = −γ and Γ(0, z) = E_1(z), one gets

ln z + γ + E_1(z) = ∞∑ n=1 γ(n, z) n! , which proves (1.2).

4 A companion to Tricomi’s expansion with an application to the exponential integral

There is a companion result to (2.1), not mentioned by Tricomi, for the complementary incomplete gamma function, Γ(a, λz) = λ^a ∞∑ n=0 Γ(a + n, z) n! (1 − λ)^n, |λ − 1| < 1. (4.1)

This follows from (2.1) by inserting the definition γ(a, z) = Γ(a) − Γ(a, z) in both sides of the expansion and noting that by Taylor’s series for λ^{−a} at λ = 1 one has ∞∑ n=0 Γ(a + n)(1 − λ)^n n! = λ^{−a}Γ(a), |λ − 1| < 1. (4.2)

Eq. (4.1) holds also for a = 0, by analytic continuation, and yields

E_1(λz) = E_1(z) + ∞∑ n=1 Γ(n, z) n! (1 − λ)^n, |λ − 1| < 1. (4.3)

Here, the coefficients are elementary functions, Γ(n, z) n! = 1 n e^{−z}e_{n−1}(z), n ≥ 1, where e_m(z) = 1 + z + z^2/2! + · · · + z^m/m! are the partial sums of the exponential series. These can be generated by recursion in a stable fashion, at least when z is real (cf. [8]). If λ = 1/2, for example, then

E_1(z/2) = E_1(z) + ∞∑ n=1 Γ(n, z) 2^nn! . For positive z, the sum converges more rapidly than that of (2^nn)^{−1}.

5 Other expansions in incomplete gamma functions

We return to (3.2) and write it as z^{a+k} a + k = ∞∑ n=k γ(a + n, z) (n − k)! , k ≥ 0. (5.1)

We next form the following series, with arbitrary d_k (subject to convergence), and insert (5.1) in it, ∞∑ k=0 d_kz^{a+k} k!(a + k) = ∞∑ k=0 d_k ∞∑ n=k ( n k ) γ(a + n, z) n! = ∞∑ n=0 γ(a + n, z) n! n∑ k=0 ( n k ) d_k = ∞∑ n=0 c_n γ(a + n, z) n! , (5.2)

where

c_n = n∑ k=0 ( n k ) d_k. (5.3)

Any power series that can be cast in the form given in the left-hand side of (5.2) can therefore be written as a series in incomplete gamma functions.

We illustrate the procedure by applying (5.2) to γ(a, λz), which has the power series expansion γ(a, λz) = ∞∑ k=0 (−1)^kλ^{a+k}z^{a+k} k!(a + k) . In this example, d_k = (−1)^kλ^{a+k}, and from (5.3) we obtain c_n = λ^a(1 − λ)^n, thereby recovering (2.1).

6 Numerical properties of (1.2)

Tricomi [2, p. 148] expressed the thought that some of the series expansions he listed without proof, including (2.1), might prove useful also for computational purposes. We discuss here the computational merits of the series (1.2), which, as has been shown, is a limiting case of (2.1).

Compared with the power series in

E_1(z) = −γ − ln z + ∞∑ n=1 (−1)^{n−1}z^n nn! , (6.1)

the series in (1.2) has some definite drawbacks. In (6.1), the terms of the series can be generated recursively in forward direction, n = 1, 2, 3, . . . , until they no longer contribute to the sum within the desired accuracy. This is not possible with (1.2). Although it is true that the terms in (1.2) also satisfy a forward recursion, γ(n + 1, z) = nγ(n, z) − z^ne^{−z}, n = 1, 2, 3, . . . , γ(1, z) = 1 − e^{−z}, (6.2)

the recursion becomes severely unstable as n exceeds |z|. (This can be shown by an analysis similar to the one in [9, §2.4].) To preserve numerical stability when n > |z|, one must generate γ(ν, z), γ(ν − 1, z), . . . , γ(n, z) backwards with ν chosen sufficiently large, whereby γ(ν + 1, z) may be replaced by zero. The choice of ν depends on the number of terms in (1.2) required for given accuracy, which has to be estimated a priori. Thus, summing the series to a prescribed accuracy is considerably more involved for the series in (1.2) than it is for the one in (6.1).

Another important consideration is internal cancellation of terms in a series. In this regard, the series in (1.2) and (6.1) complement each other. There is no significant cancellation of terms in either series if |z| is relatively small, say |z| ≤ 5. For larger values of |z|, the severity of cancellation increases with increasing arg z for the series in (1.2) and decreases with increasing arg z for the series in (6.1). Near the positive real axis (arg z ≈ 0) the series (1.2) is practically free of cancellation but subject to severe cancellation near the negative real axis (arg z ≈ π), more so the larger |z|. For the series (6.1), it is just the other way around.

With regard to speed of convergence, the two series are comparable, since for bounded z, as n → ∞, one has γ(n, z)/n! ∼ z^ne^{−z}/(nn!) (cf. [10, §4.3, Eq. (3)]).

Another source of impaired accuracy is the cancellation that may occur when the series in (1.2) resp. (6.1) is added to −γ − ln z. This can be quite pronounced if |z| is large and z near the positive real axis. The severity of the problem diminishes as arg z increases and becomes negligible near the negative real axis.

Acknowledgments. FEH acknowledges financial support from the U.S. National Science Foundation, Grant DMR-9980015. He is also employed at the Department of Physics, University of Utah.

Department of Computer Sciences Purdue University West Lafayette, IN 47907-1398, U.S.A.

Quantum Theory Project University of Florida P.O. Box 118435 Gainesville, FL 32611, U.S.A.

Center for Mathematics and Computer Science (CWI) P. O. Box 94079 1090 GB Amsterdam The Netherlands

References

[1] Milton Abramowitz and Irene A. Stegun, editors. Handbook of mathematical functions with formulas, graphs, and mathematical tables. Dover Publications, Inc., New York, 1992. Reprint of the 1972 edition.

[2] F. G. Tricomi. Asymptotische Eigenschaften der unvollständigen Gammafunktion. Math. Z., 53(2):136–148, 1950.

[3] Arthur Erdélyi, Wilhelm Magnus, Fritz Oberhettinger, and Francesco G.

Tricomi. Higher transcendental functions, volumes 1–3. Robert Krieger Publ. Co., Melbourne, FL, 1981. Based, in part, on notes left by Harry Bateman. Reprint of the 1953–55 originals.

[4] G. N. Watson. A treatise on the theory of Bessel functions. Cambridge Mathematical Library. Cambridge University Press, Cambridge, 1995. Reprint of the second (1944) edition.

[5] George E. Andrews, Richard Askey, and Ranjan Roy. Special functions, volume 71 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1999.

[6] Harry Hochstadt. The functions of mathematical physics. Dover Publications, Inc., New York, 2d edition, 1986. With a foreword of Wilhelm Magnus.

[7] Gabor Szegö. Orthogonal polynomials, volume 23 of American Mathematical Society, Colloquium Publications. American Mathematical Society, Providence, RI, 4th edition, 1975.

[8] Walter Gautschi and Bruce J. Klein. Recursive computation of certain derivatives — a study of error propagation. Comm. ACM, 13(1):7–9, 1970.

[9] Walter Gautschi. The computation of special functions by linear difference equations. In S. Elaydi, I. Győri, and G. Ladas, editors, Advances in difference equations (Veszprém, 1995), pages 213–243. Gordon and Breach, Amsterdam, 1997.

[10] Francesco G. Tricomi. Funzioni ipergeometriche confluenti. Edizioni Cremonese, Roma, 1954.